Note on local-to-global properties of BLD-mappings by Luisto, Rami
ar
X
iv
:1
40
6.
03
20
v3
  [
ma
th.
M
G]
  7
 Ja
n 2
01
5
NOTE ON LOCAL-TO-GLOBAL PROPERTIES OF
BLD-MAPPINGS
RAMI LUISTO
Abstract. We give a proof, based on Lipschitz quotient mappings,
for the fact that limits of BLD-mappings between manifolds of bounded
geometry are BLD. Furthermore we show that such mappings share some
properties of covering maps and especially have no asymptotic values.
1. Introduction
In this note we show that a uniform bound on the local multiplicity
for BLD-mappings gives rise to global properties of BLD-mappings. BLD-
mappings were first defined by Martio and Väisälä in [MV88] as a special
case of quasiregular mappings. In this note we use the following definition
which was given as an equivalent condition in [MV88, Theorem 2.16.]. A
mapping f : M → N between metric spaces is called an L-BLD-mapping,
with L ≥ 1, or a map of bounded length distortion, if it is a continuous, open
and discrete map for which there exists a constant L ≥ 1 such that for any
path β : [0, 1] →M we have
L−1ℓ(β) ≤ ℓ(f ◦ β) ≤ Lℓ(β),(1)
where ℓ(·) is the length of a path. Note that between length spaces an
L-BLD-mapping is always L-Lipschitz.
Another essential class of mappings in this paper is the class of Lipschitz
quotient mapping. A mapping f : M → N between two metric spaces is
called an L-Lipschitz quotient (L-LQ for short) mapping if
BN (f(x), L
−1r) ⊂ fBM(x, r) ⊂ BN (f(x), Lr)(2)
for all x ∈M and r > 0. L-BLD-maps are L-LQ-mappings in length spaces,
see e.g. [HR02, Remark 3.16(c)].
One of our main tools is the following characterization theorem of BLD-
mappings. For the definition of bounded geometry see Section 2.
Theorem 1.1. Let M and N be manifolds with bounded geometry. An L-
BLD-mappings is a discrete L-LQ mapping, and a discrete L-LQ-mapping
is always L′-BLD, where L′ depends only on the data. Furthermore, if the
manifolds have strongly bounded geometry, L′ = L.
The definitions and basic theory of BLD- and LQ-mappings are not lim-
ited to the context of geodesic manifolds. However, the methods we use in
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Theorem 1.1 rely on the locally Euclidean topology of manifolds and there-
fore cannot be directly translated to a more general setting. We refer to
[HR02] for a detailed discussion on branched covers and BLD-mappings on
generalized manifolds.
It is an open problem whether L-Lipschitz quotient -mappings Rn → Rn
are discrete (and hence BLD) mappings for n ≥ 3. For positive result in
dimension n = 2 and for a detailed discussion see [BJL+99].
The first application of the characterization of Theorem 1.1 is a limit
theorem for BLD-mappings. It is a result of Martio and Väisälä [MV88,
Theorem 4.7.] that locally uniform limits of L-BLD-mappings between Eu-
clidean domains are L-BLD. This result was generalized by Heinonen and
Keith in [HK11, Lemma 6.2.]. They showed in a more general setting of
complete generalized manifolds with some bounds on their geometry that
locally uniform limits of L-BLD-mappings are K-BLD with some K ≥ L de-
pending only on the data. Martio and Väisälä proved the limit theorem by
characterizing BLD-mappings as quasiregular mappings with their Jacobian
bounded from below and Heinonen and Keith proved the result by char-
acterizing BLD-mappings as locally regular mappings. We prove the limit
theorem by using the previous characterization theorem of BLD-mappings
as LQ-mappings.
To further the analogy between these approaches to the limit theorem,
we note that Heinonen and Keith show the limits of regular maps to be
quantitatively regular and we show that the limits of L-LQ-mappings are still
L-LQ. In both arguments the loss of constants happens when showing that
the limit map, be it locally regular or a discrete LQ, is a BLD-mappings. To
be more precise, we prove the following LQ limit theorem. For the definition
of R-uniformly k-to-one mapping see the next section.
Theorem 1.2. Let M and N be n-manifolds with bounded geometry and let
(fj) be a sequence of R-uniform k-to-one L-LQ-mappings M → N converg-
ing locally uniformly to a continuous mapping f : M → N . Then the limit
map is a R-uniform k-to-one L-LQ-mapping.
Combining the previous theorems we obtain as a corollary version of a
limit theorem of Martio and Väisälä for BLD-mappings between manifolds
with bounded geometry.
Corollary 1.3. Let M and N be n-manifolds with bounded geometry and let
(fj) be a sequence of L-BLD-mappings M → N converging locally uniformly
to a continuous mapping f : M → N . Then the limit map is an L′-BLD-
mapping. Furthermore, if the manifolds have strongly bounded geometry,
L′ = L.
Using the ideas of the proof of Theorem 1.2 the local bounds of the mul-
tiplicity can be used to show that BLD-mappings share some properties of
covering maps which do not hold for branched covers, i.e. continuous, open
and discrete mappings, or even quasiregular mappings. The following theo-
rem shows that not only are BLD-mappings branched covers but they have
a property similar to a covering property.
Theorem 1.4. Let M and N be n-manifolds of bounded geometry and let
f : M → N be an L-BLD-mapping. Then there exists a radius Rinj > 0 and
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constants D > 0 and k ≥ 1 depending only on M , N and L such that for
each y ∈ N and any 0 < r ≤ Rinj the pre-image f
−1BN (y, r) consists of
pair-wise disjoint domains U with diam(U) ≤ Dr for which the restriction
f |U : U → BN (y, r) is a surjective k-to-one BLD-mapping.
This theorem especially implies that BLD-mappings between manifolds of
bounded geometry are complete spreads in the sense of [Fox57], and branched
coverings in the sense of [Fox57] when the image of the branch set is closed;
see also [MA05].
Theorem 1.4 shows that BLD-mappings between manifolds of bounded
geometry do not have asymptotic values. A mapping f : X → Y between
proper metric spaces has an asymptotic value at y0 ∈ Y if there exists a path
β : [0, 1) → X such that limt→1 f(β(t)) = y0, but the image |β| of the path
β is not contained in any compact set of X.
Corollary 1.5. Let M and N be n-manifolds of bounded geometry and let
f : M → N be a BLD-mapping. Then f has no asymptotic values.
In this sense BLD-mappings differ greatly from quasiregular mappings.
For example Drasin constructs in [Dra97] an extremal example of a quasireg-
ular mapping R3 → R3 for which every point in the range of the map is an
asymptotic value. For the definition and basic properties of quasiregular
mappings we refer to [Ric93].
Furthermore, from Corollary 1.5 a simple topological argument yields a
Zorich type theorem for BLD mappings between manifolds of bounded ge-
ometry. Note that the Zorich type theorems for quasiregular mappings hold
only for conformally parabolic spaces, see for example [Zor67] and [Ric93,
Corollary 3.8]; for mappings of finite distortion see e.g. [HP04] and [KOR03].
Corollary 1.6. Let M and N be n-manifolds of bounded geometry and let
f : M → N be a BLD-mapping. If f is a local homeomorphism, then it is a
covering map.
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2. Preliminary notions
We say that a metric manifold M which is a complete length space has
bounded geometry if there exists constants C ≥ 1 and R > 0 such that for
every point x ∈ M there exists a C-bilipschitz mapping f : BM (x,R) →
BRn(0, R). We say that M has strongly bounded geometry, if for any C ≥ 1
such a radius R > 0 can be found. Here and in what follows we denote by
BX(x, r) an (open) ball about x ∈ X of radius r in a metric space (X, d).
Manifolds of bounded geometry are analogous to complete Riemannian
manifolds with bounded Ricci curvature; indeed complete Riemannian man-
ifolds with bounded Ricci-curvature have strongly bounded geometry, see
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e.g. [LF73, 2.2]. Note that since manifolds are locally Euclidean, they are
locally compact, and hence by Hopf-Rinow theorem manifolds with bounded
geometry are proper geodesic metric spaces as locally compact and complete
length spaces.
A mapping will be called or k-to-one, if any point in the image has at
most k pre-images. A mapping is said to be finite-to-one if it is k-to-one
for some k ∈ N. For a discrete map f : X → Y between metric spaces the
quantity
N(f(x), f,BX(x, r)) := #
(
f−1{f(x)} ∩BX(x, r)
)
,
which we call the r-local multiplicity of f around x, is finite for all x and
r. If this holds uniformly locally for a mapping f : X → Y between metric
spaces, i.e.
#
(
f−1{f(x)} ∩BX(x,R)
)
≤ k
holds for all x ∈ X, we say that the mapping is R-uniformly k-to-one.
The set in which a branched cover f fails to be a local homeomorphism is
called the branch set and it is denoted by Bf . The branch set of a branched
cover between (generalized) manifolds is always small in a topological sense.
More precisely, let f : M → N be a branched cover between n-manifolds.
Then Bf has topological dimension at most n− 2; see [Väi66].
The following lemma that implies that of BLD-mappings are uniformly
finite-to-one is contained in [HR02, Theorem 6.8].
Lemma 2.1. LetM and N be manifolds of bounded geometry and let f : M →
N be an L-BLD-mapping. Then f is R-uniformly k-to-one with R and k de-
pending only on the data.
Proof. By [HR02, Theorem 6.8.], we have that
N(f(x), f,BM (x, r)) ≤ (LcM )
n H
n(BM (x, λr))
Hn(BN (f(x), (λ− 1)r/LcN ))
for x ∈ M , r > 0 and λ > 1, where Hn is the Hausdorff n-measure, and
the constants cM and cN are the quasi-convexity constants of M and N ,
respectively. We fix λ = 2 and note that cM = cN = 1 in geodesic manifolds.
Also, since M and N are manifolds of bounded geometry, there exists a
radius R > 0 and a constant K ≥ 1 such that when r is small enough balls
BM (x, 2r) and BN (f(x), r/L) are K-bilipschitz equivalent to Euclidean balls
BRn(0, 2r) and BRn(0, r/L), respectively. Thus, for small r, we have
N(f(x), f,BM (x, r)) ≤ L
nK2n
Hn(BRn(0, 2r))
Hn(BRn(0, r/L))
= 2nL2nK2n.

It is straightforward to see that locally uniform limits of L-LQ-mappings
are L-LQ; see e.g. [LP14, Lemma 3.1.]. We record this observation as a
lemma.
Lemma 2.2. Let X and Y be proper metric spaces and let (fj) be a se-
quence of L-LQ mappings converging locally uniformly to a continuous map-
ping f : X → Y . Then f is L-LQ.
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We will also need the following result.
Lemma 2.3. Let G ⊂ Rn be a domain and let f : G → Rn be an L-LQ-
mapping. Then Hn(Bf ) = 0.
Proof. Outside the branch set f is locally L-bilipschitz. Thus |Jf (x)| ≤ L
n
for all points x /∈ Bf where f is differentiable. On the other hand, for any
point x ∈ Bf , where f is differentiable it holds by e.g. [Ric93, Lemma I.4.11]
that Jf (x) = 0.
Let x ∈ G and 0 < r < d(x, ∂G). By the coarea formula
L−nHn(BRn(f(x), r)) ≤ H
n(fBRn(x, r)) ≤
∫
fBRn (x,r)
N(y, f,BRn(x, r)) d y
=
∫
BRn (x,r)
|Jf | =
∫
BRn(x,r)∩Bf
|Jf |+
∫
BRn(x,r)\Bf
|Jf |
≤ LnHn(BRn(x, r) \Bf ).
Thus
Hn(Bf ∩BRn(x, r)) ≤ H
n(BRn(x, r))(1 − L
−2n).
We conclude that the set Bf has no density points, hence H
n(Bf ) = 0. 
3. Proofs of main theorems
3.1. A characterization of BLD-mappings. We prove Theorem 1.1 by
showing the two implications separately. The fact that an L-BLD-mapping is
L-LQ is noted already in [MV88, Theorem 4.20] and [HR02, Remark 3.16(c)].
The other direction follows as stated from the following two lemmas.
Lemma 3.1. Let G ⊂ Rn be a domain and let f : G → Rn be a discrete
L-LQ mapping, that is, the LQ-inequality (2) holds for balls B(x, r) ⊂ G.
Then f is an L-BLD-mapping.
Proof. A discrete LQ-mapping is a branched cover, so its branch set is closed
and has by [Väi66] topological dimension of at most n − 2. Furthermore,
Hn(Bf ) = 0 by Lemma 2.3
By the definition of LQ-mappings, it follows that f is locally L-bilipschitz
in G \Bf . Especially for almost all x ∈ G \Bf we have
L−1 ≤ min
|v|≤1
|Df(x)v| ≤ ‖Df(x)‖ ≤ L(3)
and Jf (x) 6= 0. Since G\Bf is locally connected, either Jf > 0 a.e. or Jf < 0
a.e. in G \Bf . The branch set has measure zero so almost everywhere in G
the Jacobian is either strictly positive or strictly negative and inequality (3)
holds. Now an argument with the mappings distributional derivative shows
that f satisfies the path-length inequality (1), see for example the proof of
[MV88, Theorem 2.16]. 
Lemma 3.2. Let f : M → N be a discrete L-LQ-mapping between manifolds
of C-bounded geometry. Then f is (C4L)-BLD. If M and N have strongly
bounded geometry, f is L-BLD.
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Proof. For a discrete L-LQ-mapping f : M → N between manifolds of boun-
ded geometry, we can use locally the C-bilipschitz charts given by the bounded
geometry condition. This means that locally our discrete L-LQ-mapping is
conjugated to a discrete (C2L)-LQ-mapping between Euclidean domains.
By Lemma 3.1 the map f is locally (C4L)-BLD. Since the BLD condition is
local, the mapping f is BLD. For manifolds of strongly bounded geometry
we can take C → 1 and the claim follows. 
Theorem 1.1 is now proven.
Remark 1. We note the following self improving property. Consider an
LQ-mapping between manifolds of bounded geometry. The added requirement
of discreteness will make the LQ-map a BLD-mapping, so it will especially
be uniformly finite-to-one. It is not hard to see that the proof of Theorem
1.4 holds for a uniformly finite-to-one LQ-mapping, so the self-improvement
continues as the mapping is then complete spread in the sense of Theorem
1.4.
3.2. Limits of BLD-mappings. The main reason we characterized BLD-
mappings as discrete LQ-mappings is because the limits of L-LQ-mappings
are easily seen to be L-LQ as we saw in Section 2. With the connection
between BLD-mappings and discrete LQ-mappings we can thus show that
locally uniform limits of L-BLD-mappings are L-LQ. To show the discrete-
ness of the limit map we need the mappings in the sequence to be R-locally
k-to-one with uniform constants R and k.
Proof of Theorem 1.2. We know by 2.2 that the limits of L-LQ-mappings
are L-LQ. Suppose the limit map f : M → N is not R-uniformly k-to-one.
Then there exists a point x0 ∈M such that
#
(
f−1{f(x0)} ∩BM(x0, R)
)
≥ k + 1.
Fix k+1 points z0, . . . , zk in f
−1{y0}∩BM (x0, R), and denote the minimum
of their pairwise distances by δ. We fix
0 < ε < min
(
δ, min
0≤j≤k
(R− d(zj , x0))
)
and let j0 ≥ 1 be such an index that for all j ≥ j0
sup
x∈BM (x0,R)
d(fj(x), f(x)) < ε/(2L).
Note that especially we have fj(zk) ∈ BN (y0, ε/(2L)) for all j ≥ j0. The
images of the balls BM (zi, ε/2), i = 0, . . . , C, under the L-LQ-mappings fj,
contain balls of radius ε/(2L). Thus
y0 ∈
C⋂
i=0
fjBM (zi, ε/2).
In particular N(fj(x0), fj , BM (x0, R)) ≥ k + 1. for j ≥ j0. This contradicts
Lemma 2.1. The limit mapping is thus R-uniformly k-to-one. 
Proof of Corollary 1.3. By Lemma 2.1 and Theorem 1.1 mappings fj : M →
N are R-uniformly k-to-one L-LQ-mappings. Thus by Theorem 1.2 the limit
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map f : M → N is a discrete L-LQ-mapping. The claim now follows from
Theorem 1.1. 
3.3. Global properties. In this section we show how the local result of
Lemma 2.1 implies global properties of BLD-mappings. We recall first an
elementary observation on local surjectivity of open maps between locally
connected metric spaces. Note that the lemma gives local surjectivity only
in precompact components of a pre-image of a given domain.
Lemma 3.3. Let X and Y be locally connected metric spaces, f : X → Y
be a continuous open map and V ⊂ Y a domain. Then, for each precompact
component U of f−1V , the restriction f |U : U → V is surjective.
Proof. Let U be a precompact component of f−1V . Since X is locally con-
nected and f−1V is open, U is an open set. Suppose V \ fU 6= ∅. Since
V is connected and intersects both fU and its complement, there exists a
point z ∈ V ∩ ∂fU . Let (zn) be a sequence of points in fU converging to z.
For each n ∈ N we fix a point yn ∈ U ∩ f
−1{zn}. Since U is compact, there
exists a subsequence (ynk) of (yn) converging to a point y ∈ U . Since f is
continuous, f(y) = z.
Since z ∈ V and y ∈ f−1{z}, we may fix a component U ′ of f−1V con-
taining y. Since U ′ is open and y ∈ U , we have U ∩ U ′ 6= ∅. Thus U ′ ⊂ U
and hence y ∈ U . On the other hand, since f is an open map, fU is an
open neighbourhood of z = f(y) in Y , which implies z /∈ ∂fU . This is a
contradiction and the restriction f |U : U → V is surjective. 
Now we show that BLD-mappings between manifolds of bounded geome-
try are similar to covering maps.
Proof of Theorem 1.4. Let f be R-uniformly k-to-one and fix
D := 2L(k + 1), and Rinj :=
R
2L(k + 1)
.
Let 0 < r ≤ Rinj and suppose there exists a point y0 ∈ N such that the
pre-image f−1BN (y0, r) contains a component U of f
−1BN (y0, r) having di-
ameter at least Dr. Fix a point x0 ∈ U ∩f
−1{y0} and denote ε = 2Lr. Since
U is connected the intersection U ∩∂B(x0, s) is non-empty for s ∈ (0,Dr/2).
Thus we can fix k + 1 points z0, . . . , zk ∈ U having pair-wise distances of at
least ε and for which BM (zi,
ε
2) ⊂ BM (x0,Dr) for j = 0, . . . , k.
As in the proof of Theorem 1.2 we observe that
y0 ∈
k⋂
j=0
fBM (zi,
ε
2
),
since f is an L-LQ-mapping. Because the balls BM (zi,
ε
2) ⊂ BM (x0,Dr),
j = 0, . . . , k, are pairwise disjoint and Dr ≤ DRinj = R, we have
N(f(x0), f,BM (x0, R)) ≥ N(f(x0), f,BM (x0,Dr)) ≥ k + 1.
This contradicts the choice of R and k. Thus diam(U) < Dr.
By Theorem 1.1 the mapping f is an L-LQ-mapping and as such a contin-
uous open map. It follows from the first inclusion of the equation (2) defining
LQ-mappings that an LQ-mapping is always surjective; for any fixed x ∈M
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the images of the balls B(x, r), r > 0, cover all of N . Especially the pre-
image f−1BN (y, r) will be non-empty for all y ∈ N and r < Rinj, and by the
first part of the proof its each component U is bounded. Since M is a proper
metric space as a manifold of bounded geometry, the set U is a precompact
set as a bounded subset of a proper metric space. Also note that M and N
are locally connected since they are manifolds. Thus the surjectivity of the
restriction f |U : U → BN (y, r) follows from Lemma 3.3. 
Remark 2. Note that for mappings f : M → N satisfying the conclusion of
Theorem 1.4, it especially holds that for small enough r and for any x ∈M
the x-component U(x, f, r) of BN (f(x), r) has diameter at most Dr. In a
doubling metric space, such as manifolds of bounded geometry, this implies
that the mapping is locally regular. Thus to prove a qualitative version of
the limit theorem, we could first show that the limit of a sequence of L-BLD-
mappings is an R-uniformly k-to-one L-LQ-mapping, then use Theorem 1.4
to show that such a map is regular, and then use methods of Heinonen, Keith
and Rickman to show that a regular map is BLD.
From the the previous result it follows that a BLD-mapping has no as-
ymptotic values.
Proof of Corollary 1.5. By Theorem 1.4 the lifts of sufficiently short paths
are bounded. This forbids asymptotic values. 
From the lack of asymptotic values it follows that a locally homeomorphic
BLD-mapping between manifolds of bounded geometry is a covering map.
Proof of Corollary 1.6. Since universal covers M˜ and N˜ are also manifolds of
bounded geometry, a lift f˜ : M˜ → N˜ of f has no asymptotic values by Corol-
lary 1.5. A standard path-lifting argument of local homeomorphism without
asymptotic values shows that f˜ is invertible and thus a homeomorphism.
Thus f : M → N is a covering map. 
Remark 3. As a final remark we note that results in this last section gen-
eralize to any proper path-metric space where the conclusion of Lemma 2.1
holds. Alternatively, these result will hold true for the class of R-uniformly
k-to-one L-LQ-mappings.
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